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ABSTRACT

Let W: R — (0,00) be continuous. Does W admit a classical Jackson
Theorem? That is, does there exist a sequence {9, }22; of positive num-
bers with limit 0 such that for 1 < p < o0,

. !
deg}gf)Sn 1 F=PW L, m<m | FWlL®

for all absolutely continuous f with || f/W || Lp(R) finite? We show that

such a theorem is true iff both

lim W(x) w-l=0
0

r—oe
and o
lim W—l(z)/ W =0,
x

T— 00
with analogous limits as £ — —oo. In particular, W(z) = exp(—|z|) does
not admit a Jackson theorem of this type. We also construct weights that
admit an Lj but not an L., Jackson theorem (or conversely).

1. Introduction

Let W: R — (0,00). In about 1910, S. N. Bernstein posed a problem that be-
came known as Bernstein’s approximation problem. When are the polynomials
dense in the weighted space generated by W7 That is, when is it true that for
every continuous f: R — R with

lim (fW)(z) =0,

|z]—00
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there exists a sequence of polynomials {P,}32 ; with
lim || (f = P)W |1 ®)= 07
n—oo

This problem was resolved independently by Pollard, Mergelyan and Achieser
in the 1950’s.

For example, in [12, p. 153] Mergelyan showed that there is a positive answer
to Bernstein’s problem iff

/°° logQ(t)dt o

oo 1+ 12

where

. PHOYW(t
Q(z) = sup {IP(z)] : P a polynomial and ilellg l—\ﬁ‘l—)—%} < 1}-

If W <1 and is even, and In1/W(e®) is even and convex, a simpler necessary
and sufficient condition for density of the polynomials is [12, p. 170]

/°° In1/W(zx)
—=d
0 1+‘$2

In particular, for
1) Wa(z) = exp(—|z|*),

the polynomials are dense iff a > 1.

In the 1950’s the search began for a quantitative form of Bernstein’s Theorem.
The first efforts in this direction were due to Dzrbasjan. In the 1960’s and 1970’s,
Freud and Nevai made major strides in this topic [19], but efforts continue to
this day, with many researchers involved. One obvious question was whether
there are analogues of classical theorems of Jackson and Bernstein, dating back
to the early 20th century, for the unweighted case. The latter independently
proved that

_ C
degl(Ill:‘{;Sn Il f=Plloo-1,1< . I NLool=1,115

with C independent of f and n, and the inf being over (algebraic) polynomials of
degree at most n. The rate is best possible amongst absolutely continuous func-
tions f on [—1,1] whose derivative is bounded. Jackson also obtained general
results involving moduli of continuity while Bernstein obtained tight forward
and converse theorems for trigonometric polynomials. For ordinary polynomi-
als, many of the problems were only resolved in the 1980’s [5], (8].
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For the weights W, where o > 1, it is known that if 1 < p < oo,

(2) s N = PIWa < Cn= Y | Wy |1, m)s

with C independent of f and n [8, p. 185, (11.3.5)], [17, p. 81, (4.1.5a)]. Again
the rate is best possible for the class of absolutely continuous functions f with
| fWa ||z, (r) finite. Freud proved these for o > 2, and later E. Levin and the
author provided the necessary technical estimates to extend this to all o > 1.
More general Jackson type theorems involving weighted moduli of continuity
for various classes of weights were proved in [4], [6], 8], [9], [15], [17].

One particularly interesting case is @ = 1, namely Wi(z) = exp(—|z|). For
this weight Bernstein’s approximation problem has a positive solution, that is,
the polynomials are dense. However, (2) suggests that there may not be an
analogue of a Jackson theorem, because n~!*1/® has limit 1. As a contra-
indication, a result of Freud, Giroux and Rahman [10, p. 360] for L, suggests
that possibly (2) is true with n='*1/* replaced by 1/logn. They used the
modulus of continuity

oo

w(f,e) = swp [ 1(fW)e+h) - (W@)do e [ 1wl
|h|<e J —c0 —oo
and proved that
1
w(f, ——logn) +/lz,2ﬁ‘fW1[(x)dx}.

Here C is independent of f and n. Ditzian, the author, Nevai and Totik later

ot _p 3
3) teeden I (f = P)W1 ||L, < C

extended this result [7] to a characterization in L;. Only recently has it been
possible to establish the analogous results in L,, p > 1 [16].

One of the conclusions of this paper is that there is no Jackson type theorem
like (2) for the weight W;. More generally, we answer the question: which
weights admit a Jackson type theorem, of the form (2), with {n~1+1/a}o0
replaced by some sequence {7, }52; with limit 0?7 We give our characterization
in the following theorem:

THEOREM 1.1: Let W: R — (0,00) be continuous. The following are
equivalent:
(a) There exists a sequence {n,}5>, of positive numbers with limit 0 and
with the following property. For each 1 < p < oo, and for all absolutely
continuous f with || f'W ||, (&) finite, we have

(4) degi(IIl’f).Sn | (f=PYW llo,< | WL, &, n>1
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(b) Both
5) Jim W(2) /0 Twl o
and
(6) mlln;o I[BIIII]IW) 1/ W=0

with analogous limits as £ — —oo.

COROLLARY 1.2: Let W: R — (0,00) be continuous, with W = e~%, where
Q(z) is differentiable for large |x|, and
) lim Q(z) =00 and lim Q'(z)= —cc.
r—0o0 T—r—00
Then there exists a sequence {n,}>2, of positive numbers with limit 0 such

that for each 1 < p < oo, and for all absolutely continuous f with || f'W ||, &
finite, we have (4).

COROLLARY 1.3: Let W: R — (0,00) be continuous, with W = e, where
Q(z) is differentiable for large |z|, and @'(z) is bounded for large |x|. Then
for both p = 1 and p = oo , there does not exist a sequence {n,}3>, of pos-

itive numbers with limit 0 satisfying (4) for all absolutely continuous f with
“ fIW ”LP(]R) ﬁm'te.

Remarks:

(a) The first condition (5) is necessary and sufficient for an Lo, Jackson the-
orem, while the second (6) is necessary and sufficient for an L; Jackson
theorem.

(b) For the case where @ is convex, and p < oo, Corollary 1.2 was proved
in [11). It was used to relate asymptotic behavior of Sobolev and ordi-
nary orthogonal polynomials. Our Corollary 1.2 allows one to relax the
condition of convexity in Theorem 1.3 in [11].

(c) Of course {n,}32, may decay arbitrarily slowly to 0, though they are
independent of p. The proof of Theorem 1.1 also shows that (5) and
(6) are necessary even if we allow a different sequence {7, }5%, for each
different p.

(d) It may be possible that there is a modified Jackson theorem valid whenever
the polynomials are dense in the relevant weighted space. The form we
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(e)

(f)

believe likely is

degi(lll’ggn (= PYW ilL,&y<m | FW L, + | FW e, g2i2en)s

where {£,}22, is an increasing sequence of positive numbers with limit
oo, independent of the particular function f. However, it cannot be es-
tablished by the methods we use here.

An equivalent way to state Theorem 1.1 is as a Jackson—Favard inequality

degl(ﬂl»f)gn | (f = PIW |, ®<n aeg | (f' = PYW |lL,®)

Since W is positive and continuous, (6) is equivalent to

r—x

lim W“l(x)/ W =0.

An obvious question is the independence of the conditions (5) and (6). Does
either imply the other? In fact they are independent. Moreover, we shall exhibit

weights satisfying one but not the other, and also admitting an L; Jackson

theorem but not an L., Jackson theorem (or conversely). This is a highly

unusual occurrence in weighted approximation — in fact the first occurrence of

this phenomenon known to this author. Density of polynomials and the degree

of approximation are almost invariably the same for any L, space (suitably

weighted of course). We prove:

THEOREM 1.4:

(a)

There exists W: R — (0, 00) with
(8) 1< W(z)/exp(~2%) <2(1+ [z]), z€R,

admitting an Lo, Jackson theorem, but not an L, Jackson theorem. That

[e ¢}

is, for p = o0, there exists {n,}5%, with limit 0 at oo satisfying (4), but

there does not exist such a sequence for p = 1.
There exists W: R — (0, 00) with

) 1> W(z)/exp(~a?) 2 2/(1 +|al), z€R,

admitting an L, Jackson theorem, but not an Lo, Jackson theorem. That
is, for p = 1, there exists {n,}>2, with limit 0 at oo satisfying (4), but
there does not exist such a sequence for p = oc.

We note that the weights in Theorem 1.4 are equal to the Hermite weight

Wa(z) = exp(—x?) “most” of the time, with spikes upwards or downwards in



258 D. S. LUBINSKY Isr. J. Math.

small intervals. The weights we construct are not decreasing in (0, 00), though
they can be made infinitely differentiable. We expect that with more work
one can construct decreasing W in (0,00) still satisfying the conclusions of
Theorem 1.4.

This paper is organised as follows: we prove restricted range inequalities in
the next section, and an estimate for the “tails” || fW ||, (z>x) in Section 3.
In Section 4, we prove Theorem 1.1 and Corollaries 1.2 and 1.3. In Section 5,
we prove Theorem 1.4. Throughout C, Cy,Cs, ... denote constants independent
of n and z and polynomials P of degree < n. The same symbol may denote
different constants in different occurrences.

2. Restricted range inequalities

Restricted range (or infinite-finite range) inequalities involve bounding the norm
of a weighted polynomial over the whole real line in terms of the norm over a
smaller interval depending only on the degree of the polynomial. They play
a major role in analysis of weighted polynomials, orthogonal polynomials, and
weighted potential theory. A key example is the Mhaskar-Saff identity [18]

” PWOt ||Loo(]R)=” PWOI ”Loo(-Canl/",Canl/“)a

valid for all polynomials of degree < n and & > 0. The constant C,, is “smallest
possible” and depends only on «. For further orientation on this topic see [13],
[17], [21]. Unfortunately, although there are restricted range inequalities for
very general weights, none of them is applicable to the weights we use here. In
this section we prove two inequalities, that we may apply under the forward and
converse hypotheses of Theorem 1.1:

THEOREM 2.1: Let W: R — (0,00) be continuous and assume that both

X
(10) lim W(z) | W!=
T——0 0
and
(11) lim (min W)~ 1/ W=0
z—00 " [0,z]

with analogous limits as x — —oo. Then there exists an increasing sequence of
positive numbers {q,, }5, such that

(12) lim — =0,



Vol. 155, 2006 WHICH WEIGHTS ON R ADMIT JACKSON THEOREMS? 259

and such that for 1 <p < oco,n > 1, and all polynomials P of degree < n,
(13) | PW |, (121200 / | PW ||, m)< 27"Cy,
where C; is independent of n,p, P.

THEOREM 2.2: Let W: R — (0,00) be continuous, 1 < p < oo, and assume
that for each n > 0,

(14) | "W () ||z, ®)< o0

Then there exists an increasing sequence of positive numbers {, }52, such that
for n > 1 and all polynomials P of degree < n,

(15) | PW L, (zi2em) < C127" || PW |1, (—1,1)

where C; is independent of n,p, P.

We shall prove one lemma, then Theorem 2.1, and then prove the far easier
Theorem 2.2.

LEMMA 2.3: Let W: R — (0,00) be continuous.
(a) Assume that 6: [0,00) — (0,00) is a decreasing function with limit O at
oo such that for x > 0,

T
(16) W(z) / W1 < 6(z)
0
For large enough n, let £ = £(n) denote the smallest integer satisfying
17 ¢ >4
Then for large enough n,
(18) sup "W (x) < 8(¢)'/2 sup "W (x).
z>4(n) IG[%Z(")ye(")]
Moreover,
4
(19) lim __(_n_) = 0.
n—00 n

(b) In addition, assume that : [0,00) — (0, 00) is a decreasing function, such
that for x > 0,

(20) %III]IW W <elz
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Then for x > 2u > 0,
45(0)e(0)
2
Proof: (a) Note first that (19) follows easily from the fact that § has limit 0 at
oo. Fix n and let £ = £(n). If 2 > ¢,

z +1 n +1
fura=iml- @) gy

z"W(z) < @}ﬂ (/I t"dt) W(z)

1

sup t"W(t))W(m) / z Wl(t)dt

te[36,z]

(21) W)W (z)

IA

Then

< 2(n+1)(

- T

<4—n5(£) sup t"W(¢t),

R te[34,7]

by (16). Using our choice (17) of ¢, we continue this as

"W (z) < 5(0)Y? sup t"W(t),

te{1e,z]
and hence if y > ¢,

sup "W (z) < 6(0)Y% sup t"W(t).
z€[,y] te[34,]

If n is so large that §(£)'/2? < 1, this implies that

sup "W (z) < 8(0)*? sup t"W(t).
z€[L,y) te(3e,6)

Letting y — oo gives (18).
(b) By Cauchy-Schwarz, for z > 0,

x x 1/2 T 1/2
< (L) (L)
2 z/2 z/2

5(x) 6z) _ o) [*
W) € ety S o o < o ),

Then

SO
Ye(w) Joy2 W - 4(2)e(w)
/2% [Zw = 2?7

W W) < O
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since u < /2. |

We note that (18) implies for each n > 0,

lim z"W(z) =0,

r—0o0

and hence for every polynomial P,

lim P(z)W(z)=0.

T—0o0

Proof of Theorem 2.1: Our approach is similar to that in [14]. Let P be a
polynomial of degree k < n, say

k
P(z) = cH(z — Zj).
j=1

We assume ¢ # 0, and split the zeros into “small” and “large” zeros: we assume

that
lz;| < €(2n), j <4

lz;| > €(2n), j>1i.
For |u| < 1¢(2n),z > ¢(2n) and i < j <k,

T — T 1+z/|z;]
< 201+ —— ) < .
‘u—xji S 1Tl = ( +€(2n)> ST

Then for such z, u,

‘%‘ < (JI;[1 |u ixa:ﬂ) (46(;n))k_i'

We now apply a famous lemma of Cartan:

i

[Tw==)

=1

> gt

for u outside a set of linear measure at most 4ee [1, p. 175], [3, p. 350]. Choosing
e = ¢(2n)/100, we obtain

Iiﬁiil < (?giﬁ)k = (Z(%)n’

for z > £(2n), u € [0, 3£(2n)]\S, where

4e 1
< — — .
meas(S) < 1006(27;) < 86(2n)
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Here and in the sequel, meas denotes linear Lebesgue measure. Then for
such u,

> P 200 \n» i 2PWP(z)dx
(22) AOW) IPEW(a)Pde < (7505) " 1P /Mzn) WP (z)de.

Next

oo P oo
/ ZPWP (z)da < ( sup x2"W(m)) (40012(2n))—"P+2P/ 2~ Pdg
400£(2n) >400£(2R) 400¢(2n)

5(5(3(%))1/2 sup x2”W(r))p(400€(2n))_"”+1
z€[1€(2n),6(2n))

p
5(5(£(2n))1/2 sup W(x)) 4001 4(2n) P+,
ze[}e(2n),6(2n)]

by Lemma 2.3(a). Moreover, [0, $£(2n)]\S has measure at least %E(?n), S0 we
may choose u in this set such that

) W(u)™® ?

[Pl < meas([0, 1£(2n))\S) /[o,%azn)]\s v
8W (u)~? p

= Tin) /R e

Finally, from Lemma 2.3(b), for z € [3£(2n),¢(2n)], and u € [0, 3£(2n))\S,

. 165(0)<(0)

W )W () < s

Putting these last 3 estimates in (22) (and dropping a factor of §(£(2n))?/2=0(1))
gives

/ |P(z)W (2){"dz/ / \PWIP < 27"P4(2n) 2 CP,
400£(2n) R
where C is independent of n,p,P. A similar inequality holds over

(—o00, —4004(2n)) and so, taking pth roots,

| PW ||L,(z|>400¢2n)) / 1| PW ||L,®)< 27"Ch,

with C; independent of n, p, P. Letting p — oo gives the result for p = oo also.
Thus we may take
@ = 400£(2n)

in Theorem 2.1. Note that (12) follows from (19) in Lemma 2.3. Although this
choice does not guarantee monotonicity of {g,}22,, we can easily modify the
sequence to be monotone increasing,. 1
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Proof of Theorem 2.2: Write
P(z) = Zajwj .
§=0

Here by Bernstein’s inequality (5, Cor. 1.2, p. 98], followed by Nikolskii’s
inequality [5, Thm. 2.6, p. 102],

PYW(o nJ
|aj|=‘ .,( )’ < i | Pl L [-1.1)
J:
< = n 1/p ) p
=7 —((p+1)n He | lz,1-1.1)
n’ _
< ﬁenz I W w1yl PW Iz, -1,y -
Then for A > n,
| PW Iz, (121>

_ “nd
<en® | W |-l PW llLyi-1y D r | W () [,qz12x
=0
2 1 2 =\ p2i-2n
<en® | W el PW L1l "W () iz, (e>x) Z

< C I PW i myll @ W (@) I, (12|30

where C' depends only on W (not on n,p, P). The finiteness (14) of the norms
for all monomials shows that for large enough A,

C |l z*W(z) ||, (z>n< 27"

We may choose §, to be this A. By an obvious process, we may also ensure that
{€n}32, is increasing. ]

3. A bound for tails

The result of this section is:
THEOREM 3.1: Assume that W: R — (0,00) is continuous.
(a) Assume W satisfies (5) and (6), with analogous limits at —oc. Then there

exists a decreasing positive function 1: [0,00) — (0, 00) with limit 0 at oo
such that for 1 < p< oo and A >0,

(23) I fW L, m\i=aan S 20 | FW iz, ®)
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for all absolutely continuous functions f: R — R for which f(0) = 0 and
the right-hand side is finite.

(b) Conversely, assume that (23) holds for p = 1 and for p = oo, for large
enough \. Then the limits (5) and (6) in Theorem 1.1 are valid, with
analogous limits at —oo

Note that (5) is alone necessary and sufficient for the conclusion of Theo-
rem 3.1 to hold for p = oo, and (6) alone is necessary and sufficient for the
conclusion to hold for p = 1.

We shall prove Theorem 3.1(a) for p = 0o, then p = 1, and then use interpo-
lation to do the case 1 < p < 00. The converse will be proved at the end of this
section. The ideas of the proof of Theorem 3.1(a) go back at least to G. Freud,
and are elegantly presented, in the setting of Freud weights, in Mhaskar’s mono-
graph [17]. They are similar to the ideas of the proof of Hardy’s inequality. Note
that there is no simple analogue of this result for p < 1.

Proof of Theorem 3.1(a) for p = co: For z > 0,
(24) (1W)(@) = Wia) [ (w)ew o
Hence for A > 0,
T
sup | /WI(@) < /W | supWi(o) [ W0t
> z>A 1}
A similar inequality holds for z < —A. Now apply the limit (5). 1

Proof of Theorem 3.1(a) forp=1: For A > 0,

[ iwi@a= [7|( [+ [ )wiow odwes
< /0 W) [ W)
(25) v [Cuwiowo [T weds)a
< [ 1rwioa) g [“we
e (s oue [ ([ wione) |

A similar inequality holds over (—oc0, —\). Now apply the limit (6). [ |
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Proof of Theorem 3.1(a) for 1 < p < co: The above implies that for p = 1 and
p = 00, there exists a decreasing positive function 7: [0, 00) — (0, 00) with limit
0 at oo such that for A > 0,

I WL, @ -2 < ) | W I, @)

for all absolutely continuous f with f(0) = 0 and for which the norm on the
right-hand side is finite. Let us fix A > 0 and set g = f’, and define the linear
operator

Ligl(@) = xr\oa(®) /0 "0yt

where xgry[-x,)(2) is the characteristic function of R\[~), A]. We see that we
have proved

I LW |, < n(0) | gW |z, )

for p = 1,00 and for all measurable g with gW € L,(R). The Riesz-Thorin
Theorem [2, p. 196] then shows this is true for all 1 < p < co. Substituting back
g = f’ gives the result as stated. 1

Proof of Theorem 3.1(b): the case p = co: Next, let us fix A > 0 and define

0, T <0,
floy={ Jo W™ zel0A,
'\W_l, > A
0

Then f' = W~!in (0,)) and f’ = 0 in R\[0, A]. We see from (23) that

1) =900 | W > (FW)O / W
So we obtain (5). The analogous limit at —oo is similar. ]

Proof of Theorem 3.1(b): the case p = 1: First note that if we take f to be an
absolutely continuous function with bounded derivative that is 0 at 0 and equal
to 1 outside [—1,1], our hypothesis (23) gives

(26) Hm LW |z, @y -aan= 0.
Next, let us fix A > 0, and choose ¢y € [0, A] such that

W(ty) = 1[511){]1 w.
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For large enough A, (26) shows that tg > 0. Choose a € (0,%y/2) and define

Tz <ty—a,
, x € [to—a,to],

, T >1p.

f(z) =

R=eI—e

5
%

-1

Then f' = LW~ in (to — a,tp) and f’ =0 in R\[fo — e, to]. We see from (23)
that
n(A) =) | W I, @2 fW llzya00) -

Moreover, as f’ > 0, we see that

/t ° lw-l(t)dth(x)dx

o—x

o0
| fW L (avo0) = /A

2( max W)—l :OW(Q;)dz

[ta—astol

Thus 1 oo
7)()\)2( max W) /)‘ W(z)dz

[to—a,to]
Since « may be made arbitrarily small and W is continuous, we obtain

1) > W(te) ™t A " W(@)ds = (I[gg]l W)_l " W(z)dz.

So we obtain (6). The analogous limit at —oo is similar. ]

4. Proof of Theorem 1.1 and its Corollaries

We shall prove the sufficiency part of Theorem 1.1 after two lemmas. Through-
out this section, we use special notation. We shall use integers n > 4 and
1 <m < n/4, as well as parameters

1
(27) 1<A< '2‘Qma

where {g,}22, is as in Theorem 2.1. We denote by p(m) an increasing function
that depends on m and W, while o()) denotes a function increasing in A. These
functions change in different occurrences. The main feature is that o is inde-
pendent of m, n, p and functions f, while p is independent of A, p and functions
f. At the end, we choose m to grow slowly enough as a function of n, and then
A — oo sufficiently slowly.
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LEMMA 4.1: Let W: R — (0,00) be continuous and satisfy (5), (6) with
analogous limits at —oo.

(a) There is an increasing function o: [0,00) — [0,00) with the following
properties: let m > 1 and A > 1. For 1 < p € oo and all absolutely
continuous f with f'W € L,(R), there exists a polynomial R, of degree
< m such that

o(A
29 I~ R W iyizno < 20190, .
(b) Moreover, there is an increasing function p: Z; — (0,00) depending only
on W such that
(29) [I1RmWilL,®) + 1 Bm Wl L@y < p(M)(IfWlL,®) + [1LF WL, m)-

Proof: (a) By the classical form of Jackson’s Theorem [5, (6.4), Theorem 6.2,
p. 219), translated from [—1,1] to [, )], there exists Ry, of degree < m with
TA
(30) lf — Rm||Lp[—2A,2A] < e

Then

£ 12, (-2x,25)-

TA 1 ,
I1(f — B )WL, (22,24 < E”W”Lm[—z\,%] ”ﬁ;ﬂLw[—z,\,u] I Wle,®)-

So we can take
1
o(A) = 7r)‘||W||L°o[-2>\,2A]“W”Lm[—2)\,2)\]-

(b) By the restricted range inequalities in Theorem 2.1, for some C indepen-
dent of f,p,m,

IBaWlL,® + [ BnWlLo® < CURDWIL, gmam] T IBnWIL (= gmiam])
S ClBRml Looi=gmagm] W L L,@) + Wl Lo m))-
Here, simple estimation shows that
IWllz,® < (L4 [WlLom®)Q+ W]z, ®)-
So for some C; independent of f,p,m,

(31) 1R WL, ®) + B W L@ < CLllBmllLooi-gm am]-

Recall the Chebyshev inequality [5, Proposition 2.3, p. 101], valid for polyno-
mials P of degree < m:

1P(@)| < |Tm(@) Pl (-1,1, 2] > 1.
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Here T, is the classical Chebyshev polynomial of the first kind. By dilating
this, and using the bound

Tm(2) < 2™, 2] > 1,

we obtain

dm\™
||RmHLoo[-qm,qm] < (7) “Rm||Loo[—2/\,2)\]-

Using Nikolskii inequalities {5, Theorem 2.6, p. 102], we continue this as

< (qu)m (@—j\‘)ﬁ) 1/p“Rm||L,[,[-'z>\,z>,\]

- A
< €Qmm2/p<||f||L,,[—2,\,2,\] + EHfIHL,,[—ZAQA])a

by the fact that A > 1 and by (30). Using our bound (27) on A, we continue
this as

”Rm ”Loo [“Qm ,qm] Seq:’l,l"n? “W—l “Lco [—Qm me]

X (1+7qm) (1 f WL, (—2xn20 + 1F WL, [—2x,2))-

Combining this and (31) gives the result, with

p(m) = Cregm?[W Lo [~ gmigml (1 + Tgm). W

Next, we construct polynomials that approximate the characteristic function
of [-A, A] in a suitable sense:

LEMMA 4.2: There exists C > 0 such that forn > 8, and for 1 < A < %qn,
there are nonnegative polynomials V,, of degree < 3n/4 such that

(2)
(32) L-Va@| <CL, s e[-AN;
(33) 0< Va(z) <C, |z € A2
0 < Vp(z)
34
A O( 2B oxp( - [qactiel -2N] ), el € Al

Here C is independent of n, A and z.
(b) Moreover, for 1 < p < oo,

(35) 1= Va lyiman s G2,
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and

Gn
(36) Ve llzy(-gngniNi-20,20 < CL s

with C; independent of n, A, and p.

Proof: (a) Let us fix n and set
A 1
=Zelos].
4 Gn € [ 2
STEP 1. APPROXIMATE VIA JACKSON’S THEOREM: Define a piecewise linear
function hy: [-1,1] — [0,1] by

1, |z| <r;
hn(z) = 2—'%[, r < |z| < 2r
0, 2r < |z| £ 1.

Then h, is continuous with piecewise constant derivative. By Jackson’s
Theorem [5, (6.4), p. 219], there is a polynomial U, of degree < n/8 such
that

T 4mq,
n — Un - < —= h, _ = .
(37) H h U, “Lco[ 1,1]> 2(71/8) “ n ”Loo[ 1,1] Y

STEP 2. USE FAST DECREASING POLYNOMIALS TO DAMP NEAR [—1,1]: Nevai
and Totik [20, Corollary 2, p. 117] showed that there exist polynomials P, of
degree < n/8 such that for z € [-1,1],

. n 11/2
|Pp(z) — sign(z)| < Cexp( - [§|x|] )
The constant C' is independent of n and . For a € [0, 1], we set

1 rT—a

Sp.alz) = 5(1 +Pn(m)).

Since z € [~1,1] = 722 € [-1,1], and since (except at = = a)

@)= 1 (252)).

we have

|Sn,a(x) — X(a7°°)(m)| < CeXp( - [glfl Zl] 1/2)

< C’exp( - [%h: - a|] 1/2).
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For a € [-1,0), we set
Sna(z) =1-Sp_a(-2),

and see that it admits a similar estimate. Now we set

Ru(z) = Sp,—2r(x)(1 — Sn,2r(z)),
a polynomial of degree < n/4, and use

X(=2r201 (%) = X(=2r,00){Z) (L = X(2r,00) (%))

(except at * = —2r) to deduce that for z € [-1,1],
(38)
1Ru(2) = Xg-2nan(2)] < Cexp(~ [l —2ri] )+ Cexp(~ [ 2l + 2] )

< Cexp( - [%]Iml - 2r|}1/2).

STEP 3. COMBINE U,, AND R,,: We set

V@) =V3(-) Ba (),

an
a nonnegative polynomial of degree at most 3n/4. Note here that

In < Im o).

nx—T n
From (37) and (38), we see that for z € [\, A] = [—qnT, gnT],
gn nA 1i/2
- < an _
1-vi@l <G ree( =[5 ] )]

with C; independent of n,z,A. Then (32) follows. It is easy to deduce (33).
Next, in [2), ¢n], (37) and (38) give

o< (%o [ 21 21] ).

(b) The first inequality (35) is immediate from (32) and the fact that A=1+1/p
< 1. For the second, we use (34): if p < oo,

IV “21‘[2)‘:%] S (ng\")?p /ziﬂ exp( B [ff:; |z — 2)\|] 1/2)dx

2 00
< (Coqn) PIGQn/ exp(—sl/2)ds.
0

ni v2n
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Since p > 1 and ¢, is independent of p and is o{n), we obtain for p < occ and
some C) independent of n, p,

gn \?2 an
“ Va ”L,,[2/\,qn]5 C1 (ﬁ) < Clz

Letting p — oo gives the result for p = oo also. |

Proof of the sufficiency part of Theorem 1.1: 'We may assume that f(0) = 0. (If
not, replace f by f — f(0) and absorb the constant f(0) into the approximating
polynomial.) We choose n > 8 and 1 £ m < n/4, and let A satisfy 1 < A < %qm.
Let R,, and V,, denote the polynomials of Lemma 4.1 and 4.2 respectively, and
let

P, =R, V,.

Then F, is a polynomial of degree < n, and

degi(f}gf)Sn||(f— PYW L, < I(f = PAWL, @)
<IH(f = Po)W Ly (~gurgal
(39) + WL, @\~ gn.aal) + 1P WL, @\ (g 90])
<I(f - Pﬂ)W”Lp[—(IVUQnI

F Wz, @\=an) + C27 HPaW | Ly [=gn gn]s
by Theorem 2.1 and as g, > A. Next,

1(f - PWIiL,1=gu.gn] SIF = Po)WllL —an + 1IfWL, ®y=aa)

(40) + [P WLy (g gu\[- A
=:Ty+ 1Ty + T3.
Firstly
(41)
T <i(f - )W”L,,[ A Bm (1= V) Wi 1-an
<N = B)WHLi—an) + 1B WilL a1 = Vallz, (-an
< ( )

”fIW”L ® + oM)Wl + I Wi, @)1 - VallL,-an
<—Hf Wi, ®) + C1p( )‘—||f Wi, ®)

by Lemmas 4.1, 4.2(b) and Theorem 3.1. Here C| is independent of f,m,n, p, X
Since f(0) = 0, Theorem 3.1 gives

IF WL, &) < O WL, )
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The crucial thing in (41) is that o and p are independent of f,n,p. Next, if 5
is as in Theorem 3.1,

(42) T < I Wz, m)-

Of course, this estimate also applies to the middle term in the right-hand side
of (39). Next,

T3 < |PaW | L, (a<izi<20) T 1P WL, 22<lel<qn) = T31 + Tio.

Here
Ts1 < | BmW L, (0<tzi<2n I Vall Lo (A< fz1<20)
(43) < C(N(Rum = Wl 0:lo1<2n) + W L, (r<la1<2%)
< (22 Wil 0 + O Wiy )

by Lemmas 4.1, 4.2 and Theorem 3.1. Next,

T3z < |RuW | Lo 22<lai<an) IVallLy@r<izl<an)
g
< p(m)(“f’W“L,,(]R))Cl;ny

by Lemmas 4.1, 4.2 and another application of Theorem 3.1. Combining this
and the estimates in (40) to (43) gives, for n > 8,

n

49 10~ Pl icgman < WO 2 4 pm) ™ +n(3) ).

Then using this estimate and Theorem 3.1, we deduce that

a(A) g
1P N2, gt < N Wz, C{ S22 + ()22 41},
Combining this estimate, (39) and (44) gives

: a(A) Gn -
f ~ PYW L < If'W {— Iy n(n) +2 "}
I = PW Iz, < 1S Wiz, @C{ 55 + om) % +9(3) +
with C independent of n,m, A, p,o. The functions o and p obey the conventions
listed at the beginning of this section, and are independent of f,n,m,p, as is
the constant C. For a given large enough n > 8, we choose m = m(n) to be the

largest integer < n/4 such that

e < (2"
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Since (by Theorem 2.1) ¢,/n — 0 as n — oo, while p is increasing and finite
valued, necessarily m = m(n) approaches co as n — oo. Next, for the given
m = m(n), we choose the largest A = A(n) < m such that

o(A) < Vm.

As o is finite valued, necessarily A(n) — oo, so §(A(n)) — 0, n — co. Then for
some sequence {7, }52; with limit 0, and which is independent of f, p,
inf -P < ! )
doa D I(f = PYW|lL,®) <l f WL, ®)

For the remaining finitely many n, say for n < n1, we use Theorem 3.1 to deduce
that

degi(IIIDt;Sn. I(f = PWL,® < 1 WlL,® < 2(0)1f Wi, ®)-

We choose 7,, = 5(0) for n < ny. ]

Proof of the necessity part of Theorem 1.1: We assume that (4) is true for
every absolutely continuous f with || /Wl (&) finite, where p = 1 or p = oc.
In particular, if we choose f to be 0 outside {—1,1], and not a polynomial
in [-1,1], we obtain for some sequence {P,}32, of polynomials with degrees
tending to oo,

1PaWllL,(ei21) = 0, n— oo

As P, behaves for large |z| like its leading term, this forces

sup |lz"W ()|, ®) < oo

Then the hypothesis (14) of Theorem 2.2 is fulfilled, and consequently there
exists {£,}52, such that (15) holds for all polynomials P, of degree < n. Let us

now consider an absolutely continuous f with f(0) = 0 and || f'W||L () finite.

00
n=1

Our hypothesis asserts that there are for large n polynomials { P,,}32; of degree

< n with

1(f = Po)W L, @) < mallf'WllL,®)

= WL, e260) < Ml f WL, ®) + I1PaW |z, (j212€0)-
Here by Theorem 2.2, and then our hypothesis on {P,}2,,

IPaW iz, (ai>en) < C27 M 1PaW L (-1,
S C27M(1f Wl Lpf-1,11 + mllF WL, w))-
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Here if p = 1,

dz

/0 ) f(t)dt

1
< IWlomon / £ (8)ldt

1
Wiz, o < W o /

1
< Wl W oo [ FW)OL
A similar inequality holds over [—1,0] and hence

WLy -1y < 2W -1, 0IW Ml et g 1 Wl Ly (-1,

The case p = oo is easier. Combining all the above inequalities gives

I WL, (z1zen) < Mllf WL, @)

where {77}, has limit 0 and is independent of f. The same inequality then
holds for the L, norm of fW over |z| > A, where A € [,,&n41). If A < &,
we can just use Theorem 3.1 and the result for A > £;. It follows that there
is a positive decreasing function n with limit 0 at oo such that (23) holds for
absolutely continuous f with f(0) = 0 and || f'W|| () finite. Then Theorem 3.1
gives the limits (5) and (6). |

Proof of Corollary 1.2: 'We must prove the limits (5) and (6). We do the second
first. Let A > 0. Choose R > 0 such that

u>R=Q'(u) > A
Then for z > R and ¢ € [z, 00),

W(z) W (t) = 9@~
= ¢~ (Ot-2) < g~Alt-2)

where ¢ lies between ¢ and z. Then for v > R and z € [R,u],

o0 o0 1
W_l(x)/ W(t)dtg/ e~ AP gt < T

For z € [0, R], this last inequality gives

W),

W) /u W(t)dt < W(z) v
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Hence for such wu,

_ “1W(u) 1
< w .
iy [ w < me{ () 5}

Since our hypothesis forces @ to have limit co at oo, we obtain

lim sup mm W W < -

uU— 00

As A may be arbitrarily large, we have (6). Next, if z > R, we similarly see

that
/W )dt < W(x / w-! )dt+/ e~ A=t gy
0
/ w1 dt+—
Then
lim sup W (z -t -
py <%

Again (5) follows as A > 0 is arbltrary. |
Proof of Corollary 1.3: Let us choose fixed B > 0 and R > 0 such that
u>R=Q'(u) <B.

Then for > R and t € [z, 00),

W(z) W (t) = Q@1 = e~ Q' Q=) > o= B(t-a)

1
)t > e BU—2)gp — —
/ Wit / B

Hence (6) fails. Similarly (5) fails. ]

SO

5. Proof of Theorem 1.4

In this section, we let
Ws(z) = exp(-2?), z€R,
denote the Hermite weight. We choose intervals

[j_aj,j+aj]) J227
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where a; € (0,1), and decays rapidly to 0 as j — oo. We set
oo

(45) W(z) = Wa(x), meR\U(j—aj,j+aj).
=2

For Theorem 1.4(a), where we want an Lo, Jackson theorem but not an L
Jackson theorem, we set

(46) W) =Wa(5)/5, j=2
For Theorem 1.4 (b), we set
(47) W) =Wa(5)i, j=2

In both cases, we then define W so that W/W, is linear in [j — aj,j] and in
[4,7 + a;]. This ensures that W is continuous in R. (Of course, we could ensure
it is C* by smoothing at j and j + a;.) It also implies under (46) that

(48) 12 W(a)/Wale) 2 70 =R
and under (47),
(49) 1<W(z)/Wa(z) <1+ |z|, z€R

In proving the Jackson theorem for W in the relevant L,, we shall need a
restricted range inequality. This does not follow from Theorem 2.1, since at
least one of the conditions there is not fulfilled. Using classical results for the
Hermite weight, we prove:

LEMMA 5.1: Let W be as above, satisfying either (48) or (49). Let 1 < p < oo.
Then there exist C; > 0 and C3 > 0 such that for n > 1 and polynomials P of
degree < n,

(50) | PW Iz, (zi>2vm) / | PW [z, @< Cre™™C2.
Proof: For both cases, we have for |z| > 2,
1
< <31
G1) e < W@/ Wa(o) <301 +al,
so for all n,

| PW I, o122y S 3 | P(x)(1 + 2)Wa(2) |1, (joi>2vm) -
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Since P(z)(1 + z) is of degree < n + 1, we obtain, from classical inequalities
(18], [21, Thm. VL5.1, p. 334], that we can continue this as

< C1e7"% || P(z)(1 + z)Wa(z) L, (1et< 2 vasT)

_ Wa(z)
C 2
< Cne™™ 2 I P@) 7 ey (eisgvir

< Ce™ % || P(@)W (@) |1, (a1 < 3 vaFT)»
by (51). Then (50) follows. |

Next, we show that the weights W defined above satisfy exactly one of the
limit relations in Theorem 1.1:

LEMMA 5.2:

(a) Let W satisfy (45), (46) and (48). If we choose the sequence {a;} to decay
sufficently rapidly to 0, then the limit (5) in Theorem 1.1 is true, while
the limit (6) fails.

(b) Let W satisfy (45), (47) and (49). If we choose the sequence {a;} to decay
sufficently rapidly to 0, then the limit (6) in Theorem 1.1 is true, while
the limit (5) fails.

Proof: We choose the {a;}22; so small that for large enough z > 0,

1
(52) 2_/ 1// Wyl <2
and

1 o0 o0
(53) 55/ W// Wy <2,
x z

For example, this will be true if
(54) o; < (2+5)727 0 WL+ 1), j>1.

Indeed, using our bound (51), this implies

j+es
/ |W——W21|—Z/ W - Wy

<ZGO‘J 1+j+a)Ws (i +1)

/wz.

IN
<
i
[\
||
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Then (52) follows easily. Next,

[ mas s [ oy

“ j2z I
<Y 6ay(1+j+ay)Wa(j - 1)
j2z
. oo
<Y 2 WR(i+1) < 2“/ Wa,
j2ez z

o (53) follows.
(a) Now from (48) and (52) for large enough z,

W(z) /Om W=t < Wy(2) /Oz Wt < 2Wo(x) /0m Wyt

1t is easily checked that the last right-hand side approaches 0 {or follows from
the well-known fact that the Hermite weight admits a Jackson Theorem in all
L,, together with Theorem 1.1). So (5) is true. Since W = W3 in (—o0,0),
the limit at —oo is immediate. On the other hand, by (46) and (53), for large
enough 7,

N A 1,1 [
W) [ w2 [ w
i 2J;
1., % 1
> W, (g > —
> 8W2 () } Wo(s)2sds > 6
for j large enough. So (6) fails.
(b) Now from (49) and (53) for large enough z,

—1 poo 00 0
(minw) / W< W;l(z)/ W < 2W;1(x)/ W.
(0,z] T T z

Again it is easily checked that the last right-hand side approaches 0. So (6) is
true. On the other hand, by (47) and (52), for large enough j,

N A U &
W(J)/ 4 IZ]Wz(J)E/ wy!
0 0
1 ¥
> Wa(i)g | Wi(s)2sds
0

= 21— ().

So (5) fails. ]
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Proof of Theorem 1.4(a): Now W of (45), (46), (48) admits the restricted range
inequality Lemma 5.1. Also the limit (5) is true, together with its analogue at
—o0. Then the exact proof that we used before in the proof of Theorem 1.1(a)
gives an L, Jackson theorem. Note that we can take ¢, = 24/n, s0 g, = o(n).

On the other hand, we have shown in Lemma 5.2 that the limit (6) fails, and
then the proof of Theorem 1.1(b) shows that there is no L; Jackson theorem.
]

Proof of Theorem 1.4(b): Now W of (45), (47), (49) admits the restricted range
inequality Lemma 5.1. Also the limit (6) is true, together with its analogue at
—o00. Then the exact proof that we used before in the proof of Theorem 1.1(a)
gives an Ly Jackson theorem. Note again that we can take ¢, = 24/n.

On the other hand, we have shown that the limit (5) fails, so the proof of
Theorem 1.1(b) shows that there is no L., Jackson theorem. |
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