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ABSTRACT 

Let W: I~ --* (0, oc) be continuous. Does W admit a classical Jackson 
Theorem? That is, does there exist a sequence {~n}n~176 of positive num- 
bers with limit 0 such that for 1 _< p _< cr 

inf  [I ( f  -- P ) W  HLp(I~)_~ Un II f t W  IILp(R) 
deg(P)_~n 

for all absolutely continuous f with II f IW IILp(R) finite? We show that 
such a theorem is true iff both 

) f 0 = w  -1 =nm W(x = o 

and 
lim W - l ( x  W = O, 

with analogous limits as x ~ -cx~. In particular, W(x) = exp(-Ixl) does 
not admit a Jackson theorem of this type. We also construct weights that 
admit an L1 but not an L~ Jackson theorem (or conversely). 

1. In troduct ion  

Let W: R ~ (0, oc). In  abou t  1910, S. N. Berns te in  posed a problem tha t  be- 

came known as Berns te in ' s  approx imat ion  problem. W h e n  are the polynomials  

dense in the weighted space generated by W ?  T h a t  is, when is it t rue  tha t  for 

every cont inuous  f :  ll( -~ R with 

l im ( f W ) ( x )  = O, 
[xl- ,~ 
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there exists a sequence of polynomials {Pn}n~=l with 

lim [I (f - Pn)W IIL~(R) = 07 

This problem was resolved independently by Pollard, Mergelyan and Achieser 

in the 1950's. 

For example, in [12, p. 153] Mergelyan showed that there is a positive answer 

to Bernstein's problem iff 

where 

/_ ~ log ft(t) 
oo 1 + t 2  dt=cc,  

[P(t)W(t)l r 

f~(z) = sup (IP(z)l  : P a polynomial andsuptcR v/1 + t 2 - < 1~. 

If W < 1 and is even, and In 1/W(e x) is even and convex, a simpler necessary 

and sufficient condition for density of the polynomials is [12, p. 170] 

/o 
In particular, for 

(1) W ~ ( x )  = exp(-Ixl~), 

the polynomials are dense iff a _> 1. 

In the 1950's the search began for a quantitative form of Bernstein's Theorem. 

The first efforts in this direction were due to Dzrbasjan. In the 1960's and 1970's, 

Freud and Nevai made major strides in this topic [19], but efforts continue to 

this day, with many researchers involved. One obvious question was whether 

there are analogues of classical theorems of Jackson and Bernstein, dating back 

to the early 20th century, for the unweighted case. The latter independently 

proved that 

inf II f - P IIL~t-l,1]<_ c II f '  IIz~[-1,1], 
deg(P)<_n n 

with C independent of f and n, and the inf being over (algebraic) polynomials of 

degree at most n. The rate is best possible amongst absolutely continuous func- 

tions f on [-1,  1] whose derivative is bounded. Jackson Mso obtained general 

results involving moduli of continuity while Bernstein obtained tight forward 

and converse theorems for trigonometric polynomials. For ordinary polynomi- 

als, many of the problems were only resolved in the 1980's [5], [8]. 
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For the weights W~, where c~ > 1, it is known that if 1 _< p < co, 

(2) inf ]] ( f  -- P ) W a  ]]Lp(R)~ C n-1+1/~ II f 'W~ ]]Lp(Ut), 
deg(P)_~n 

with C independent of f and n [8, p. 185, (11.3.5)], [17, p. 81, (4.1.5a)]. Again 

the rate is best possible for the class of absolutely continuous functions f with 

II f 'W~ IILp(~) finite. Freud proved these for a _> 2, and later E. Levin and the 

author provided the necessary technical estimates to extend this to all c~ > 1. 

More general Jackson type theorems involving weighted moduli of continuity 

for various classes of weights were proved in [4], [6], [8], [9], [15], [17]. 

One particularly interesting case is a = 1, namely Wl(x) = exp(-Ixl) .  For 

this weight Bernstein's approximation problem has a positive solution, that is, 

the polynomials are dense. However, (2) suggests that  there may not be an 

analogue of a Jackson theorem, because n -1+1/~ has limit 1. As a contra- 

indication, a result of Freud, Giroux and Rahman [10, p. 360] for L1 suggests 

that possibly (2) is true with n -1+1/~ replaced by 1 / logn .  They used the 

modulus of continuity 

// // w(f ,e)  = sup I(fWl)(X + h) - (fWl)(x)]dx + e [fWll 
Ihl<E oo oc 

and proved that 

(3) deg(P)_~ninf 'l ( f - P ) W 1 H L ~ ( ~ ) ~ C [ w ( f , ~ ) +  ~z[>x/_lfWll(x)dx]. 

Here C is independent of f and n. Ditzian, the author, Nevai and Totik later 

extended this result [7] to a characterization in L1. Only recently has it been 

possible to establish the analogous results in Lp, p > 1 [16]. 

One of the conclusions of this paper is that  there is no Jackson type theorem 

like (2) for the weight W1. More generally, we answer the question: which 

weights admit a Jackson type theorem, of the form (2), with {n-l+l/C~}n~=l 

replaced by some sequence {r/,~}n~__l with limit 0? We give our characterization 

in the following theorem: 

THEOREM 1.1: Let W: ~ ~ (O, oo) be continuous. The following are 

equivalent: 
(a) There exists a sequence {r/n}n~3=l of positive numbers with limit 0 and 

with the following property. For each 1 <_ p <_ c~, and for all absolutely 
continuous f with II f ' W  llLp(R) finite, we have 

(4) inf II ( f -  P)W IILp(~)_< ~n II f'W IILp(R), n > 1. 
deg(P)<n 
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(b) Both 

(5) 

and 

(6) lim (rain W) -1 f ~  
x- ,~  [o,~] Jx 

with analogous limits as x ~ -oc .  

~0 x lirn W ( x )  W -1 = 0 
X'--* OO 

W - - O  

COROLLARY 1.2: Let W: ]R ~ (0, oc) be continuous, with W = e - Q ,  where 

Q(x) is differentiable for large Ixl, and 

(7) lim Q'(x)  :- cc and lira Q'(x)  = -oc .  

Then there exists a sequence {~?n}~__l of positive numbers with limit 0 such 

that for each 1 <_ p < co, and for all absolutely continuous f with II f ' W  IILp(~) 

finite, we have (4). 

COROLLARY 1.3: Let W: R --~ (0, oo) be continuous, with W = c -Q, where 

Q(x) is differentiable for large Ixl, and Q'(x)  is bounded for large Ixl. Then 
OQ for both p = 1 and p = c~ , there does not exist a sequence {Tl,~}n=l of pos- 

itive numbers with limit 0 satisfying (4) for all absolutely continuous f with 

II f ' W  ]]Lp(R) finite. 

Remarks: 

(a) The first condition (5) is necessary and sufficient for an L ~  Jackson the- 

orem, while the second (6) is necessary and sufficient for an L1 Jackson 

theorem. 

(b) For the case where Q is convex, and p < cx~, Corollary 1.2 was proved 

in [11]. It was used to relate asymptotic behavior of Sobolev and ordi- 

nary orthogonal polynomials. Our Corollary 1.2 allows one to relax the 

condition of convexity in Theorem 1.3 in [11]. 

(e) Of course {~)n}n~1 may decay arbitrarily slowly to 0, though they are 

independent of p. The proof of Theorem 1.1 also shows that  (5) and 

(6) are necessary even if we allow a different sequence { nIn%1 for each 

different p. 

(d) It may be possible that  there is a modified Jackson theorem valid whenever 

the polynomials are dense in the relevant weighted space. The form we 



Vol. 155, 2006 WHICH WEIGHTS ON R ADMIT JACKSON THEOREMS? 257 

believe likely is 

inf It ( f  - P ) W  liLT(a)<_ ~?~ II f ' W  IILp(R) + II f W  llLp(lxl~(,~), 
deg(P) ~n 

where {(7~)n~=1 is an increasing sequence of positive numbers with limit 

ce, independent of the particular function f .  However, it cannot be es- 

tablished by the methods we use here. 

(e) An equivalent way to state Theorem 1.1 is as a Jackson-Favard inequality 

inf I] ( f ' - P ) W  [ILp(R) �9 inf II ( f -  P ) W  IILp(R)_< ~,~deg(P)<n_l deg(P)<n 

(f) Since W is positive and continuous, (6) is equivalent to 

/) l im w - l ( x )  W : 0. 
2;---~ oG 

An obvious question is the independence of the conditions (5) and (6). Does 

either imply the other? In fact they are independent. Moreover, we shall exhibit 

weights satisfying one but not the other, and also admitting an L1 Jackson 

theorem but not an L ~  Jackson theorem (or conversely). This is a highly 

unusual occurrence in weighted approximation - -  in fact the first occurrence of 

this phenomenon known to this author. Density of polynomials and the degree 

of approximation are almost invariably the same for any Lp space (suitably 

weighted of course). We prove: 

THEOREM 1.4: 

(a) There exists W: ~ --* (0, oo) with 

(8) 1 _< w ( z ) / e x p ( - x  2) _< 2(1 + Ixl), x e R, 

admitting an L ~  Jackson theorem, but not an L1 Jackson theorem. That 

is, for p = ce, there exists {~}n~__i with limit 0 at oc satisfying (4), but 

there does not exist such a sequence for p = 1. 

(b) There exists W: ~ -~ (0, ~ )  with 

(9) 1 > W ( x ) / e x p ( - x  2) >_ 2/(1 + Ixl), x �9 ~, 

admitting an L1 Jackson theorem, but not an Loo Jackson theorem. That 

is, for p = 1, there exists {~/n}n~176 with limit 0 at o0 satisfying (4), but 

there does not exist such a sequence for p = oc. 

We note that  the weights in Theorem 1.4 are equal to the Hermite weight 

W2(x) -- exp ( -x  2) "most" of the time, with spikes upwards or downwards in 
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small intervals. The weights we construct are not decreasing in (0, c~), though 

they can be made infinitely differentiable. We expect that  with more work 

one can construct decreasing W in (0, ec) still satisfying the conclusions of 

Theorem 1.4. 

This paper is organised as follows: we prove restricted range inequalities in 

the next section, and an estimate for the "tails" [[ f W  []Lp([X]>_) 0 in Section 3. 

In Section 4, we prove Theorem 1.1 and Corollaries 1.2 and 1.3. In Section 5, 

we prove Theorem 1.4. Throughout C, C1, C2,. �9 �9 denote constants independent 

of n and x and polynomials P of degree < n. The same symbol may denote 

different constants in different occurrences. 

2. R e s t r i c t e d  r a n g e  inequa l i t i e s  

Restricted range (or infinite-finite range) inequalities involve bounding the norm 

of a weighted polynomial over the whole real line in terms of the norm over a 

smaller interval depending only on the degree of the polynomial. They play 

a major role in analysis of weighted polynomials, orthogonal polynomials, and 

weighted potential theory. A key example is the Mhask~r-Saff identity [18] 

[[ PWa [[Loo(R)~---I] P W ~  ]]Loo(_Canl/a Canl/~), 

valid for all polynomials of degree _< n and a > 0. The constant Ca is "smallest 

possible" and depends only on a. For further orientation on this topic see [13], 

[17], [21]. Unfortunately, although there are restricted range inequalities for 

very general weights, none of them is applicable to the weights we use here. In 

this section we prove two inequalities, that  we may apply under the forward and 

converse hypotheses of Theorem 1.1: 

THEOREM 2.1: Let W: • ~ (0, co) be continuous and assume that both 

x 

(10) lim W ( x  W -1 = 0 
X--+OO 

and 

~x ~176 
(11) lim (rain W) -1 W = 0 

x--.c~ [0,x] 

with analogous limits as x --~ -oo .  Then there exists an increasing sequence of  

positive numbers { qn }n~ such that 

lira q---~ = 0, (12) 
n ---~ oo n 
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and such that for 1 <_ p <_ oo, n >_ 1, and all polynomials P of degree <_ n, 

(13) [I P W  [ILp(Ixl>_qn) / II P W  [[L,(e) <_ 2-nC1, 

where C1 is independent of n, p, P. 

THEOREM 2.2: Let W: R ~ (O, oc) be continuous, 1 _< p _< ec, and assume 
that for each n _> 0, 

(14) II xnW(x) IlLp( )< 

Then there exists an increasing sequence of positive numbers { ~n }.~--1 such that 

for n >_ 1 and all polynomials P of degree <_ n, 

(15) II P W  IlL,(ixl_>~n)_< C12-n II P W  [ILp(-1,1), 

where C1 is independent of n, p, P. 

We shall prove one lemma, then Theorem 2.1, and then prove the far easier 
Theorem 2.2. 

LEMMA 2.3: Let W: IR ~ (0, oc) be continuous. 

(a) Assume that & [0, oc) ~ (0, oc) is a decreasing function with limit 0 at 

oc such that for x > O, 

(16)  W(x)  W -1 ~_ (~(x). 

For large enough n, let ~ = g(n) denote the smallest integer satisfying 

(17)  (~(e)l/~ _> 4n. 

Then for large enough n, 

sup x n W ( x )  < 5(g) 1/~ sup x nW(x ) .  
x>~(n) ~c[�89 

(18) 

Moreover, 

(19) lira s = O. 
n---* ~ n 

(b) In addition, assume that ~: [0, oo) -* (0, cx)) is a decreasing function, such 

that for x > O, 

/? (20) (min W) -1 W < e(x). 
[o,x] 
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Then for x > 2u > O, 

46(0)e(0) 
(21) w-l(u)W(x) ~_ 

272 

Proof.' (a) Note first that (19) follows easily from the fact that 6 has limit 0 at 

c~. Fix n and let g = g(n). If x > g, 

f x xn+l [ ( ~ -~nq-1] xn+l 
t'~dt - 1 - > - - .  

e n +  1 \2~x/ J - 2 ( n +  1) 

Then 

xnW(x )  < 2 ( n +  1 ) ( f  ~ tndt)W(2?) 
x j�89 / 

2(n + 1) 
< ( sup tnW(t))W(2?) W - l ( t ) d t  

x \t~[�89 e 

<_ ~-5(g) sup tnW(t) ,  
/ 5  te[�89 

by (16). Using our choice (17) of g, we continue this as 

xnW(x) ~ 6(e) 1/2 sup tnW(t), 
te[�89 

and hence if y >_ g, 

sup x~W(x)  <_ 5(g) ~/2 sup t'~W(t). 
~e[e,~,] t~[ �89 e,y] 

If n is so large that 6(g) x/2 < 1, this implies that 

sup xnW(x )  <<_ 6(g) 1/2 sup t nw( t ) .  
xe[e,y] t~[~e,e] 

Letting y --* oc gives (18). 

(b) By Cauchy-Schwarz, for x > 0, 

Then 

so 

2 /2 W/  \ ax/2 

6(2?) 6(2?) 6(x) f x  
w(2?) < f o  w - 1  < �9 < L w ,  - - f : / ~ w - ~  - (x/2)2 /5 

6(x)~(u) f:~/~ w 46(x)~(u) 
(2?/2)2 f ~ w -  x2 w-l(u)W(x) ~ 



Vol. 155, 2006 WHICH WEIGHTS ON R ADMIT JACKSON THEOREMS? 261 

since u <_ x/2. | 

We note that  (18) implies for each n > 0, 

lim xnW(x) = 0, 
X-- -~  O (  

and hence for every polynomial P,  

lim P(x)W(x) = O. 
X - - - ~ O O  

Proof of Theorem 2.1: Our approach is similar to that in [14]. Let P be a 

polynomial of degree k < n, say 

k 

p(z)=~l](z-xj). 
j=l 

We assume c ~ 0, and split the zeros into "small" and "large" zeros: we assume 

that 
Ixjl _< e(2n), 

Ix~l > e(2n), 

For I~1 -< }~(2n),x _> ~(2n) and ~ < y _< k, 

x -  x j  < l + x / I x j l  

- = j  - 1 - l u l / I x j l  

Then for such x, u, 

j<_i; 
j> i .  

x ) 4 x 
<2 1 + ~  < e(2n) 

P(x) 2x ( P(u) ( r I  ,u xjl ) g[zn)X k-i 
j = l  

We now apply a famous lemma of Cartan: 

i 

for u outside a set of linear measure at most 4eE [1, p. 175], [3, p. 350]. Choosing 

- - / (2n) /100,  we obtain 

P(x) ( 200x ~ k ( 200x "l n 

P(u) <- \ t - -~]  <- \g(2n-----)-] ' 

for x _> g(2n), u c [0, �89 where 

4e meas(S) < ~ f ( 2 n )  < f(2n). 
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Here and in the sequel, meas denotes linear Lebesgue 

such u, 

(22) 

Next 

measure. Then for 

f o~ ( 200 'l~p f ~  
IP(x)W(x)Fdx <_ kg(2n)] [P(u)F xnpWP(x)dx. 

00g(2n) d 4OOg(2n) 

for  p oo xnpWP(x)dx< ( sup x2nW(x)) (400g(2n))-np+2pf x-2pdx 
400g(2n) x>_4OOg ( 2n ) / J 400g(2n) 

_~ (5(e(2n)) 1/2 sup x2nW(x))P(4OOe(2n)) -np+l 
xE[�89 

< 1/2 sup W(x))%O- P+le(2n)  p+I, 
xe[�89 

by Lemma 2.3(a). Moreover, [0, ~g(2n)]\8 has measure at least ~g(2n), so we 

may choose u in this set such that 

W(u)-P ~o [PW]P IP(u)l' < meas([O, ~g(2n)]\8) ,�88 

8W(u)-P 
< f(2n) IPWL 

Finally, from Lemma 2.3(b), for x e [�89 and u �9 [0, �88 

165(0)c(0) 
w-~@W(x)  <_ 

~(2n) 2 

Putt ing these last 3 estimates in (22) (and dropping a factor of 5(g(2n))p/2=o(1)) 
gives 

IP(x)W(x)lPdx IPWl v < 2-~Pg(2n)-2pC p, 
o0t(2n) 

where C is independent of n,p,P. A similar inequality holds over 

( -c~ , -400g(2n) )  and so, taking pth roots, 

II P W  [[Lp(Ixl>_4OOg(2n)) / I[ PW [ILp(R)~ 2-nc1, 

with C1 independent of n,p, P. Letting p ~ cc gives the result for p = c~ also. 

Thus we may take 

qn ---- 400g(2n) 

in Theorem 2.1. Note that (12) follows from (19) in Lemma 2.3. Although this 

choice does not guarantee monotonicity of {q~}~~ we can easily modify the 

sequence to be monotone increasing. | 
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Proof of Theorem 2.2: Write 

P(x) = ~ ay. 
j=0 

Here by Bernstein's inequality [5, Cor. 1.2, p. 
inequality [5, Thm. 2.6, p. 102], 

Then for A ~ n, 

II PW I1~(1~1_>~) 

98], followed by Nikolskii's 

P(J)(O) n j 
]%]--- ~ -< 7.1 [[ P [[Loo[-1A] 

n j 
<- ~. ((P + 1)n2) 1/p [[ P IILp[-1,1] 

< ~ e ~  ~ II W -1 I1~[-~,~111 P W  I[~,l-~,~l. 
- 3 !  

~ n j 
en 2 II w -1 IIL~,[-I,1]II P W  [ILp[-1,1] ~ 1[ xJW(x) [[Lp(Ixl_>~) 

j=O 
~_~ ~2j--2n 

-< en2 II W-1 IIL~[-1,1]1t P W  IILp[-1,1]lt x2~W(x) llLp(Iz]>~) j! 
j=O 

< c I} PW HL~[-~,~Ill ~nw(~)IIL~(l~l>_~), 

where C depends only on W (not on n,p, P). The finiteness (14) of the norms 
for all monomials shows that for large enough A, 

c II x2nW(x) IILp(l=l~)~ 2--n' 

We may choose ~n to be this A. By an obvious process, we may also ensure that 
{~n}.~=l is increasing. | 

3. A b o u n d  for tails 

The result of this section is: 

THEOREM 3.1: Assume that W: ~ ~ (0, oc) is continuous. 

(a) Assume W satisfies (5) and (6), with analogous limits at -co.  Then there 
exists a decreasing positive function 71: [0, oo) -+ (0, oo) with limit 0 at oo 

such that for 1 <_ p <_ cx~ and A >_ O, 

(23) II fW IIL,,(~\t-~,,~J)----- ~()~) II f'W IIL,,(~) 
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for all absolutely continuous functions f :  N ~ N for which f(O) = 0 and 
the right-hand side is finite. 

(b) Conversely, assume that (23) holds for p = 1 and for p = oo, for large 
enough A. Then the limits (5) and (6) in Theorem 1.1 are valid, with 
analogous limits at -oo. 

Note that  (5) is alone necessary and sufficient for the conclusion of Theo- 

rem 3.1 to hold for p = oc, and (6) alone is necessary and sufficient for the 

conclusion to hold for p = 1. 

We shall prove Theorem 3.1(a) for p = oc, then p = 1, and then use interpo- 

lation to do the case 1 < p < ~ .  The converse will be proved at the end of this 

section. The ideas of the proof of Theorem 3.1(a) go back at least to G. Freud, 

and are elegantly presented, in the setting of Freud weights, in Mhaskar's mono- 

graph [17]. They are similar to the ideas of the proof of Hardy's inequality. Note 

that  there is no simple analogue of this result for p < 1. 

Proof of Theorem 3.1(a) for p = oo: For x > 0, 

(fW)(x) = W(x) (f 'W)(t)w-l(t)dt.  (24) 

Hence for A >__ 0, 

sup IfWl(x) ~ll f 'W  IIL~(~) sup W(x) W-l(t)dt. 
x_>A x_>)~ 

A similar inequality holds for x _< -A. Now apply the limit (5). | 

Proof of Theorem 3. l(a) for p = 1: 

(25) 

For A _> O, 

f ~ l f W l ( x ) d x =  f~ ~ ( fo~+ f f f  )( f~W)(t)w-l( t)dt  W(x)dx 

/o < fW[(t)dt(minW) -1 W(x)dx 
- t 0 , ~ l  

+ ~~176 , f 'W[( t )w- l ( t ) (  f t~176 

A similar inequality holds over ( -oo , -A) .  Now apply the limit (6). | 
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Proof of  Theorem 3.1(a) for 1 < p < oc: The above implies that  for p = 1 and 

p = c~, there exists a decreasing positive function 7/: [0, oc) ~ (0, oc) with limit 

0 at c~ such that  for A _ 0, 

II fw  IFLp(~\t_~,~])_< ~(~) II f'W IILp(R), 

for all absolutely continuous f with f (0)  = 0 and for which the norm on the 

right-hand side is finite. Let us fix ~ _> 0 and set g = f ' ,  and define the linear 

operator 

/0= L[g](x) = XR\[-~,~] (x) g(t)dt, 

where XR\[_~,aI(x) is the characteristic function of R\[-,~,A]. We see that  we 

have proved 

]l L[g]W ]]/,(R)< r/()~)II gW IIL,(~) 

for p = 1, oc and for all measurable g with g W  �9 Lp(~).  The Riesz-Thorin 

Theorem [2, p. 196] then shows this is true for all 1 < p < oc. Substituting back 

g = f '  gives the result as stated. | 

Proof of Theorem 3.1(b): the casep = co: Next, let us fix A > 0 and define 

0, x < O, 
x 

f(x) = f / w  -1, x �9 [0,~], 

Z W - 1  , x > / ~ .  

Then f '  = W -1 in (0, A) and f '  = 0 in R\[0, A]. We see from (23) that  

/ *  

~(~) -- ~(,~) II f 'w  IIL~(R)_> (/W)(;9 = W(;~) Jo W-~ 

So we obtain (5). The analogous limit at - c ~  is similar. | 

Proo[ of Theorem 3.1(b): the casep = 1: First note that  if we take f to be an 

absolutely continuous function with bounded derivative that  is 0 at 0 and equal 

to 1 outside [-1,  1], our hypothesis (23) gives 

(26) lim II w Ilnl(ac\i_~,Xl)= 0. 
A--* oo 

Next, let us fix A > 0, and choose to E [0, A] such that  

W(to)  = min W. 
[o,~] 
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For large enough A, (26) shows that  to > 0. Choose a C (0, t0/2) and define 

0, x < to -- a, 
x 

f (x)= • flo-~ x e [ t o - a ,  to], 
1 fro 
a Jto-c~ w - l ,  X > ~50. 

Then f '  1 W-1  = ~ in (to - a, to) and f '  = 0 in R\[t0 - a, to]. We see from (23) 

that  

r/(A) = r/(A) II f'w IJL,(R)_>[J fW IlLx(~,or �9 

Moreover, as f '  >__ O, we see that  

~ f~i ~ (t)dt W(x)dx II f w  IILl( ,o ) = ! w  -1 
--Or Ol 

>__ ( max W ) - l ~ W ( x ) d x .  
', [to-,~,tol 

Thus 

f ~(A) >_ ( max W)  -1 W(x)dx. 
[to-a,to] 

Since a may be made arbitrarily small and W is continuous, we obtain 

rl(A) > W(to) -1 W(x)dx = ( m i n W ~  -1 - ~, [oA] / W(x)dx. 

So we obtain (6). The analogous limit at - c o  is similar. | 

4. P r o o f  o f  T h e o r e m  1.1 a n d  i ts  Coro l l a r i e s  

We shall prove the sufficiency part of Theorem 1.1 after two lemmas. Through- 

out this section, we use special notation. We shall use integers n > 4 and 

1 <_ m <_ n/4, as well as parameters 

1 
(27) 1 < A < ~qm, 

where {qn}n~=1 is as in Theorem 2.1. We denote by p(m) an increasing function 

that depends on m and W, while a(A) denotes a function increasing in A. These 

functions change in different occurrences. The main feature is that  a is inde- 

pendent of m, n, p and functions f ,  while p is independent of A, p and functions 

f .  At the end, we choose m to grow slowly enough as a function of n, and then 

A ~ c~ sufficiently slowly. 
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LEMMA 4.1: Let W: ~ --* (0, c~) be continuous and satisfy (5), (6) with 

analogous limits at - e c .  

(a) There is an increasing function (r: [0, oc) ~ [0, c~) with the following 

properties: let m >_ 1 and A >_ 1. For 1 < p < oc and all absolutely 

continuous f with f~W C Lv(~) ,  there exists a polynomial Rm of degree 

< m such that 

(28) [](f- R,~)WIIL~[-2~,2~] _< ~-Il f 'WIIL.a) .  

(b) Moreover, there is an increasing function p: Z+ ~ (0, oc) depending only 

on W such that 

(29) IIRmWIIL.(R)+ IIRmWIILo~(R) _< P(m)(IIfWIIL.(R) + IIf'WllL~(~)). 

Proof'. (a) By the classical form of Jackson's Theorem [5, (6.4), Theorem 6.2, 

p. 219], translated from [-1, 1] to [-A, A], there exists R,~ of degree < m with 

(30) Ilf - Rmll~pt-2~,2~j _ ~ m + 1 IIf'IIL,[-2;~,2;,I. 

Then 

7r,k 1 
l i f t -  Rm)WIILp[-2A,2A] <_ mllWl[L~t-2x,2~lll~llL~t-~,2xlllf'WllL.(~). 

So we can take 

1 

(b) By the restricted range inequalities in Theorem 2.1, for some C indepen- 
dent of f , p , m ,  

IIRmWIIL,(R) + IIR~WIIL~(~) ~ C(llRmWllL.t-q..,qm] + llRmWllL~t-q~,q~]) 
~_ CllRmliLoo[-qm,qm](IIWilLp(R ) "+: llWliLoo(R)). 

Here, simple estimation shows that 

IIWIIL~(R) ___ (1 + IIWIIL~(~))(1 + IIWIIL~(~)). 

So for some C1 independent of f,  p, m, 

(31) IIRmWIIL.(R) + I]RmWllLoo(~) < C~llRmllL~ot-q~,q~]. 

Recall the Chebyshev inequality [5, Proposition 2.3, p. 101], valid for polyno- 

mials P of degree _< m: 

IP(x)l _< ITm(z)lllPllLoot-a,1], Ixl > 1. 
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Here Tm is the classical Chebyshev polynomial of the first kind. 

this, and using the bound 

ITm(x)l <_ (21x]) m, Ixl > 1, 

By dilating 

we obtain 

IlRmlIz~[-q~,qml < ~ ]  

Using Nikolskii inequalities [5, Theorem 2.6, p. 102], we continue this as 

(qm.~m((p+ 1)m 2 1/p 
< ~-~-] 2~ ) ][RmIIL,[-2~,2~I 

7r)~ , 
< eq,~m2/P(]ifllLp[-=:~,2~l + --~llf IlLp[-=~,2~]), 

by the fact that  $ > 1 and by (30). Using our bound (27) on A, we continue 

this as 

lIRm [[Loo [--qm,qm] <-eq~ m2 [1W-1 [[Lor t--am ,qml 

• (1 + ~qm)(HfWIIL~I-2~,,2~,l + U'WlIL~I-2~,,2~,I). 

Combining this and (31) gives the result, with 

p(m) = Cleq~m2[IW-l[[io~[_qm,q,,,l(1 + wqm). " 

Next, we construct polynomials that approximate the characteristic function 

of [-A, A] in a suitable sense: 

LEMMA 4.2: There exists C > 0 such that/'or n > 8, and for 1 < A < �89 

there are nonnegative polynomials Vn of degree < 3n/4 such that 
(a) 

(32) l1 - Vn(x)l < C qn , - n~ x � 9  
(33) 0 < Yn(x) < C, Ixl �9 [~,2~]; 

o < y,,(x) 
(34) 

Here C is independent of n, A and x. 

(b) Moreover, for 1 <__ p < oc, 

(35) It 1 - V. IILp[_~,~l_< C1 q'~ , 
n 

Ixl �9 [2),, qn]. 
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and 

(36) [[ Vn [[Lp[-q~,qn]\[-2~,2~]<_ C1 an, n 

with C1 independent of n, A, and p. 

Proo~ (a) Let us fix n and set 

r = - - E  0 ,  . 
qn 

STEP 1. APPROXIMATE VIA JACKSON'S THEOREM: 
function hn: [-1,  1] --~ [0, 1] by 

1, Izl < r; 
hn(x)= 2-~, ~<lxl<2r; 

0, 2r < Ixl _4< 1. 

269 

Define a piecewise linear 

Then hn is continuous with piecewise constant derivative. By Jackson's 

Theorem [5, (6.4), p. 219], there is a polynomial Un of degree _< n/8 such 

that 

47rq~ 
(37) [[ hn - Un [[Lo~[_l,1]_~ ~ [[ htn [[L:r = nA " 

STEP 2. USE FAST DECREASING POLYNOMIALS TO DAMP NEAR [--1, 1]: Nevai 

and Totik [20, Corollary 2, p. 117] showed that there exist polynomials P~ of 

degree ~ n /8  such that for x E [-1,  1], 

[Pn(x)-sign(x)[ <_ C e x p ( - [ 8 ] x ] ] 1 / 2 ) .  

The constant C is independent of n and x. For a E [0, 1], we set 

1 ( 1 + p  ' [x-a'~'~ 
S~,a(X) = ~ ~ \ l  +a]J" 

Since x �9 [-1,  1] =r ~ a  �9 [--1, 1], and since (except at x = a) 

X(a,oo)(X)= ~(l+sign(Xl~+aa)), 

we have 

nlx-all l /2" I Cexp,(  - 1 + a J J I&,o(x) X(a,oo)(x)[ <_ I 

<_Cexp(-[~6]x-a]]l/2). 
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Sn,a(X ) : 1 - Sn,_a(--X), 

and see that  it admits a similar estimate. Now we set 

Rn(X ) = Sn,_2r(X)(1 -- Sn,2r(X)) , 

a polynomial of degree _< n/4, and use 

(except at x = -2 r )  to deduce that  for x e [-1, 1], 

(38) 

IRn(X) -  X[_2r,2r](X)l ~ C e x p ( - [ ~ 6 1 x -  2r]] 1/2) q-Cexp(-[~6]x q-2rl] 1/2) 

STEP 3. COMBINE U n AND Ru: We set 

2 x 2 x 

a nonnegative polynomial of degree at most 3n/4. Note here that  

q~ < qn = o(1). 
n A -  n 

Prom (37) and (38), we see that  for x e [-)~, A] = [-qnr, qnr], 

L1-- Yn(x)l < C1[~ -t.-exp(-[ n)~ ]1/2,~], 
- L 16qn J ] 

with C1 independent of n, x, A. Then (32) follows. It is easy to deduce (33). 
Next, in [2A, q~], (37) and (38) give 

[Coqn'~ 2 [ n 1/2 oxp  [ lLx  ) 
(b) The first inequality (35) is immediate from (32) and the fact that  A -I+I/p 

<_ 1. For the second, we use (34): if p < co, 

p < (Coqn h2p [qn exp( - [  p2n'  2~l]l/2)dx 
II G IIL,[~x,q~3- , , -~- - j  J2), []--d~q~ I x -  

< (Coqn. 2Pl6q n [oo 
exp(-sl/2)ds. 

_ ~- - -~ j  ~ Jo 
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Since p _> 1 and qn is independent of p and is o(n), we obtain for p < co and 

some C1 independent of n, p, 

II v~ II~,,[=~,qo]< c~k-~/ < clq~'n 

Letting p ---* oo gives the result for p = co also. II 

Proof of the sufficiency part of Theorem 1.1: We may assume that  f(0)  = 0. (If 

not, replace f by f - f (0)  and absorb the constant f (0)  into the approximating 

polynomial.) We choose n >_ 8 and 1 _< m _< n/4, and let )~ satisfy 1 < A < ~qm.t 

Let Rm and Vn denote the polynomials of Lemma 4.1 and 4.2 respectively, and 

let 

P~ =R, ,Yn .  

Then P,~ is a polynomial of degree _< n, and 

inf I1(/-  P)wIIL.(~/<_ I I ( f -  Pn)WllL,,(~) 
deg(P)<_n 

<ll(f - Pn)Wll~.[-qo,q4 

(39) + JJfWJJL.(R\[-q~,q.1) + JJP,~WJJL.(~\[-qn,q.]) 
<-[!(f - P.)W!JL~[-q,.q.,] 

+ I[fWJlL,,(R\[-~,,,~]) + C2-"llP,.,.WllL,~[_q,.,,q,,.], 

by Theorem 2.1 and a.s qn > )~. Next, 

II(Y - P,,)WIIL,,t-,~,,,q4 -<ll(f - P,,)WIIL,,[-.,,,.~] + IlfWllL~I~\t-~,m]/ 
(40) + IIP,~WIIL~(t--qo,q,,I\[- ~,,~']) 

= : T I +  T2 + T3. 

Firstly 

(41) 

T1 <_[',(f - Rm)Wllz,l-~.~] + ;',Rm(1 - Vn)WiIL, t-X.X] 

-<[l(f- R,-,-,)WIIL,,[-~,,~] + IIRmWIIL~F.,,,~]Ila - W. IIL~[-~,~] 

<_0"(;~) IIf'WIIL.(~) + ,o(m)(llfWllL,,(~) + IIf'WIIL,,(R))II1 -- W~llz.,,[-,~,~] 
m 

<~(A)m IIf'WIIL,,(~,) + Clp(m)~IIf 'WllL, ,(~.) ,  

by Lemmas 4.1, 4.2(b) and Theorem 3.1. Here C1 is independent of f ,  m, n, p, )~. 

Since f(0)  = 0, Theorem 3.1 gives 

IIfWIIL~c,/< */(O)llf'WIl~(R/. 
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The crucial thing in (41) is that  a and p are independent of f ,n,p. Next, if 

is as in Theorem 3.1, 

(42) T2 ~ ~(A)IIf'WIIL,(R), 

Of course, this estimate also applies to the middle term in the right-hand side 

of (39). Next, 

Here 

<_ C([[(Rm - f)Wl[L,,(~,<_lxl<_2:,) + lifWliL,,(:,<_lxl<_2:,)) (43) 

___ c Ill IIL,(~I +"()~)IIf'WIILpIR) , 

by Lemmas 4.1, 4.2 and Theorem 3.1. Next, 

T32 <__ IIRmWIIL~(2:,<_lxi<_q,~)llWnllL,,(m~,<_l~l<q,,) 

<_ P(m)(U'WIIL,(R))C, q• 
n 

by Lemmas 4.1, 4.2 and another application of Theorem 3.1. Combining this 

and the estimates in (40) to (43) gives, for n > 8, 

(44) II(f - Pn)WllLpt-qo,q~l < IIf'WIIL~(R)C{ ~r(A) + p(m)q___~n + rl(A)}" 
m n 

Then using this estimate and Theorem 3.1, we deduce that  

Combining this estimate, (39) and (44) gives 

inf [[(f-  P)WIILp(a)<_ IIf'WIIL,(,)C{~ + p(m)~ + ~/(A)+ 2-n} ,  
deg(P)_<n 

with C independent of n, m, A, p, a. The functions a and p obey the conventions 

listed at the beginning of this section, and are independent of f ,  n, m, p, as is 

the constant C. For a given large enough n >_ 8, we choose m -- re(n) to be the 

largest integer < n/4 such that  
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Since (by Theorem 2.1) qn/n ~ 0 as n ~ co, while p is increasing and finite 

valued, necessarily m = m(n) approaches co as n ~ c~. Next, for the given 

m = m(n),  we choose the largest A = A(n) < m such that  

~(~) < v ~ .  

As a is finite valued, necessarily A(n) ~ co, so ~/()~(n)) ~ 0, n ~ co. Then for 

some sequence {~n}n~_-i with limit 0, and which is independent of f ,p ,  

inf I I ( f -  P)WIIL~(R) <-- ~?nllf'WllL,(R). 
deg(P)_<n 

For the remaining finitely many n, say for n < nl ,  we use Theorem 3.1 to deduce 

that  

inf II(f -- P)WIILp(R) <- ]lfWllLp(R) <- rl(O)llftWllLp(R)" 
deg(P)_<n 

We choose r/n = r/(O) for n < nl .  | 

Proof of the necessity part of Theorem 1.1: We assume that  (4) is true for 

every absolutely continuous f with IIf~WIIL~(a) finite, where p = 1 or p = co. 

In particular, if we choose f to be 0 outside [-1,  1], and not a polynomial 

in [-1,  1], we obtain for some sequence {Pn}n~=x of polynomials with degrees 

tending to oc, 

IIP, WIILp(I~I>_I) --, O, n ~ co. 

As Pn behaves for large Ixl like its leading term, this forces 

sup ]]xnW(x)ilip(a) < co. 
n_>l 

Then the hypothesis (14) of Theorem 2.2 is fulfilled, and consequently there 

exists {~n},~=l such that  (15) holds for all polynomials Pn of degree _< n. Let us 

now consider an absolutely continuous f with f (0)  = 0 and IIf~Wliip(a) finite. 

Our hypothesis asserts that  there are for large n polynomials {P,~},~cr 1 of degree 

<_ n with 

II(f - Pn)WIILp(R) <-- ~IIf'WIIL~(R) 

IIfWIILp(l~l>_~.) < ~?nllf'WllLp(R) + IIP,~WIIL~(I~I>_~.). 

Here by Theorem 2.2, and then our hypothesis on {Pn}n~=l, 

liPnWllLp(izl>_~.) <_ C2-'~llP, WllLp[_l,1] 

<- C2-'~(llfWllL~t-,,x] + ~llf 'WllL~(~)). 
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Here if p = 1, 

II/WllLpt0,~] -IlWllL~t0,~] ~01 roOf'(t) dt ax 

11 <-IIWIIL~[O,l] lY'(t)ldt 

_< IIWIIL~to,,] IIW-I IIL~[O,ll I(l'W)(t)ldt. 

A similar inequality holds over [-1, O] and hence 

IlfWllLl[-1,1] <-- 211WIIL~t-I,IIlIW-lilL~t-,,a]IIf'WIILlt-~,I]. 

The case p = oc is easier. Combining all the above inequalities gives 

IIfWIILp(,~,>_~n) <- ~*llf'WllLp(~), 

where {~?n* }n~__l has limit 0 and is independent of f .  The same inequality then 

holds for the Lp norm of f W  over Ix I _> s where A E [~n, ~n+l]. If s < ~ ,  

we can just use Theorem 3.1 and the result for A >__ ~1. It follows that  there 

is a positive decreasing function ~7 with limit 0 at cc such that  (23) holds for 

absolutely continuous f with f(0) = 0 and IIf'WIIL~(R) finite. Then Theorem 3.1 
gives the limits (5) and (6). | 

Proof of Corollary 1.2: We must prove the limits (5) and (6). We do the second 

first. Let A > 0. Choose R > 0 such that  

u _> n ~ Q'(u) _> A. 

Then for x > R and t e [x, oo), 

w ( x ) - l w ( t )  = eQ(x)-Q(~) 
= e-Q'(r ~ e -A(t-x), 

where ~ lies between t and x. Then for u > R and x C [R, u], 

W-I(x) W(t)dt < 

For x E [0, R], this last inequality gives 

e_A(t_X)dt < 1. 
- A  
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Hence for such u, 

j~u c~ {(  ) - lW(u)  1} 
(minW) -1 W < max m i n W  
[0,u] - [0,R] ' A " 

Since our hypothesis forces Q to have limit ~ at oc, we obtain 

),// 1 
lim sup ( min W W < 

As A may be arbitrarily large, we have (6). Next, if x _> R, we similarly see 

that  

W(x) fro w-l ( t )dt  <- W(x) W-l(t)dt + e-A(x-t)dt 

/o R -A <_ W(x) W-~(t)dt + 

Then 

Again (5) follows as A > 0 is arbitrary. 

~0 x l imsupW(x)  w_l(t)dt < 1 
x - ~  - A 

| 

Proof of Corollary 1.3: Let us choose fixed B > 0 and R > 0 such that  

u _> R ~ Q'(u)  _< B. 

Then for x k R and t �9 [x, oc), 

W(x)- lw( t )  = eQ(x)-Q(t) = e-Q'(~)(t-z) >_ e-B(t-x), 

so // // 1 W(x) -1 W(t)dt >_ e-B(t-X)dt = -~. 

Hence (6) fails. Similarly (5) fails. | 

5. P r o o f  o f  T h e o r e m  1.4 

In this section, we let 

W2(x) = exp( -x2) ,  x �9 R, 

denote the Hermite weight. We choose intervals 

[j - ~ j , j  + ~j], j _>2 ,  
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where o~j �9 (0, 1), and decays rapidly to 0 as j ~ oc. We set 

oo 

(45) W(x) = W2(x), x �9 R \  U (  j -  a j , j  + a j ) .  
j = 2  

For Theorem 1.4(a), where we want an Lor Jackson theorem but not an L1 

Jackson theorem, we set 

(46) W(j)  = W2(j)/j ,  j >_ 2. 

For Theorem 1.4 (b), we set 

(47) W(j)  = W2(j)j, j >__ 2. 

In both cases, we then define W so that  W/W2 is linear in [j - c~j,j] and in 

LJ, J + aj]. This ensures that  W is continuous in R. (Of course, we could ensure 

it is C ~ by smoothing at j and j + c U.) It also implies under (46) that  

1 
(48) 1 _> W(x)/W2(x) >_ 1 + Ix------II' x �9 R, 

and under (47), 

(49) 1 < w(x)/W2(x) < 1 + Ixl, x e ~. 

In proving the Jackson theorem for W in the relevant Lp, we shall need a 

restricted range inequality. This does not follow from Theorem 2.1, since at 

least one of the conditions there is not fulfilled. Using classical results for the 

Hermite weight, we prove: 

LEMMA 5.1: Let W be as above, satisfying either (48) or (49). Let 1 <_ p < oc. 

Then there exist C1 > 0 and C2 > 0 such that  for n _> 1 and polynomials P of 

degree _< n, 

(50) ]] P W  ]]Lp(l~l_>2v~) / l] P W  IILp(a)_< Cle -'~C2. 

Proof." For both cases, we have for Ix I _> 2, 

1 
(51) 1 + Ix------~ <- W(x)/W2(x) < 311 + x I, 

so for all n, 

II p w  I lL~( l~ l>2~)<  3 II p(x)(1 + x)w~(~) IIL~(l~l_>2~) �9 
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Since P(x)(1 + x) is of degree _< n + 1, we obtain, from classical inequalities 
[18], [21, Thm. VI.5.1, p. 334], that we can continue this as 

< C1 e-no2 ]1 P(x)(1 + x)W2(x) IIL~(l=,<+,/~) 
P(x) W2 (x) 

<- Cne-nC2 [[ 1 + Ix I NLP(Jxl<~vr~i) 

<- Ce-~C3 ][ P(x)W(x)1]L,(1:1<+4-~7), 

by (51). Then (50) follows. | 

Next, we show that the weights W defined above satisfy exactly one of the 
limit relations in Theorem 1. h 

LEMMA 5 .2 :  

(a) Let W satisfy (45), (46) and (48). If we choose the sequence {o~j} to decay 
sumcently rapidly to O, then the limit (5) in Theorem 1.1 is true, while 
the limit (6) fails. 

(b) Let W satisfy (45), (47) and (49). If  we choose the sequence {aj } to decay 
sut~cently rapidly to O, then the limit (6) in Theorem 1.1 is true, while 
the limit (5) fails. 

Proos We choose the {aj}~= 1 so small that for large enough x > O, 

f0= f0= 1 < W _ l /  W21 < 2 ( 5 2 )  ~ _ _ 

and 

1 <  W/ W2<2.  ( 5 3 )  ~ _ _ 

For example, this will be true if 

(54) aj  < ( 2 + j ) - 1 2 - J - 3 w 2 ( j + l ) ,  j > l .  

Indeed, using our bound (51), this implies 

i w - 1  _ w ~ - l l  = I w  - 1  _ w ~ - i l  
j =2  3 -  j 
oo 

-< E 6c9(1 + j + aj)W21(j  + 1) 
j----2 
oo 1 1 fl 

~-- E 2-j : -2 < 2 Jo W21" 
j =2  



278 D . S .  L U B I N S K Y  Isr. J. Ma th .  

Then (52) follows easily. Next, 

t w -  w~l _< Z I w -  w~l 
j>_x 

_< ~ 6,~(1 + j + ~ j ) w : ( j  - 1) 
j>x 

V <_ ~_, 2-Jw2(j + 1) <_ 2 ~-~ w~, 
j > x  ,, x 

so (53) follows. 
(a) Now from (48) and (52) for large enough x, 

W(x) w - '  <_ w:(z) w - '  <_ 2w:(:) w~ -1 

It is easily checked that the last right-hand side approaches 0 (or follows from 
the well-known fact that the Hermite weight admits a Jackson Theorem in all 
Lp, together with Theorem 1.1). So (5) is true. Since W = W2 in (-o%0), 
the limit at - ~  is immediate. On the other hand, by (46) and (53), for large 

enough j,  

// W-I( j )  . W > jW21(j) W: 

f 2 j  1 > W21(j) W2(s)2sds >_ i-6' 

for j large enough. So (6) fails. 
(b) Now from (49) and (53) for large enough x, 

= /= /= w <_ w~-~(x) w <_ 2w~(z) w2. 
\ [0,x] / , x 

Again it is easily checked that the last right-hand side approaches 0. So (6) is 
true. On the other hand, by (47) and (52), for large enough j,  

W(j) j f  W-l >_ jW2(j)~ foJw~ 1 

If o/ _> W2(j) ~ w~l(s)2sds 

= 1(1 - W2(j)). 
Lt 

So (5) fails. | 
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Proof of Theorem 1.4(a): Now W of (45), (46), (48) admits the restricted range 

inequality Lemma 5.1. A~so the limit (5) is true, together with its analogue at 

-co .  Then the exact proof that  we used before in the proof of Theorem 1.1(a) 

gives an L ~  Jackson theorem. Note that  we can take qn = 2x/~ , so q~ = o(n). 

On the other hand, we have shown in Lemma 5.2 that  the limit (6) fails, and 

then the proof of Theorem 1.1(b) shows that  there is no L1 Jackson theorem. 
| 

Proof of Theorem 1.4(b): Now W of (45), (47), (49) admits the restricted range 

inequality Lemma 5.1. Also the limit (6) is true, together with its analogue at 

-c~.  Then the exact proof that  we used before in the proof of Theorem 1.1(a) 

gives an L1 Jackson theorem. Note again that  we can take qn = 2v~.  

On the other hand, we have shown that  the limit (5) fails, so the proof of 

Theorem 1.1(b) shows that  there is no L ~  Jackson theorem. | 
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